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LIMITING WEAK-TYPE BEHAVIORS FOR FACTIONAL MAXIMAL
OPERATORS AND FRACTIONAL INTEGRALS WITH ROUGH KERNEL
GUOPING ZHAO AND WEICHAO GUO
Abstract. By a reduction method, the limiting weak-type behaviors of factional maximal operators
and fractional integrals are established without any smoothness assumption on the kernel, which
essentially improve and extend previous results.
1. Introduction
In order to study the lower bounds for the weak-type constants of singular integral operators TΩ
with homogeneous kernel Ω, with some regularity conditions on Ω, the limiting weak-type behaviors
were first established in [6]. Then, with weaker regularity conditions on Ω, Ding-Lai establish the
same limiting weak-type behaviors of TΩ in [2], where they also obtain the limiting weak-type behav-
iors of fractional integral operators TαΩ with some regularity conditions on Ω. At the same time, the
corresponding results of maximal and fractional maximal operators with homogeneous kernels were
established in [1]. Recently, a refined limiting weak-type behavior associated with stronger conver-
gence, namely, type-1 and type-2 convergence (see Proposition 1.2), was established by Guo-He-Wu
[4]. For a study in vector-valued setting, we refer to [5]. One can see [7] for the limiting weak-type
behavior for multilinear fractional integrals.
Let α ∈ (0, n) and Ω be a homogeneous function of degree zero. The integral operator TαΩ with
homogeneous kernel Ω is defined as
TαΩf(x) :=
∫
Rn
Ω(x− y)
|x− y|n−α
f(y)dy,
and the corresponding fractional maximal operator is defined by
MαΩf(x) := sup
r>0
1
rn−α
∫
B(x,r)
|Ω(x− y)f(y)|dy.
In the previous works, in order to establish the limiting weak-type behavior for factional integral,
some angular regularity must be added to the kernel Ω. More exactly, the definition of angular
regularity, namely, the Dini-condition is as following.
Definition 1.1 (Lqs-Dini condition). Suppose Ω is a homogeneous function of degree zero. Let 1 ≤
q ≤ ∞, 0 ≤ s < n. We say that Ω satisfies Lqs-Dini condition if
(1) Ω ∈ Lq(Sn−1),
(2)
∫ 1
0
ωq(t)
t1+s dt <∞,
where ωq is called the (modified) integral continuous modulus of Ω of degree q, defined by
ωq(t) :=
(
sup
|h|≤t
∫
Sn−1
|Ω(x′ + h)− Ω(x′)|qdσ(x′)
)1/q
. (1.1)
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In order to compare different types of limiting weak-type behaviors, we recall a proposition estab-
lished in [4].
Proposition 1.2 (see [4]). Let 0 < p < ∞. Suppose that f ∈ Lp,∞(Rn), and |{x ∈ Rn : |f(x)| =
λ}| = 0 for all λ > 0. Let {f(t)}t>0 be a sequence of measurable functions. Then for the following
three statements:
(1) ∀ε > 0, ∃Aε ⊂ R
n, s.t., |Aε| < ε and lim
t→0+
‖f − f(t)‖Lp,∞(Rn\Aε) = 0;
(2) lim
t→0+
|{x ∈ Rn : |f(t)(x) − f(x)| > λ}| = 0, ∀λ > 0;
(3) lim
t→0+
|{x ∈ Rn : |f(t)(x)| > λ}| = |{x ∈ R
n : |f(x)| > λ}|, ∀λ > 0;
we have
(1)⇒ (2)⇒ (3), (3); (2), (2); (1).
We say that a sequence of functions f(t) tends to f in the sense of type-i, if the statement (i) in
Proposition 1.2 is valid, i = 1, 2, 3.
Based on our limited knowledge for the limiting weak-type behaviors of fractional maximal and
fractional integrals, the best result so far comes from [4] as we shall list as following. Denote ft(·) :=
1
tn f(
·
t ).
Theorem A (cf. [4, Theorem 1.9,1.10]). Let α ∈ (0, n), f ∈ L1(Rn) be a nonnegative function.
Suppose that Ω is a homogeneous function of degree zero and the maximal operator MαΩ is bounded
from L1 to L
n
n−α
,∞. If Ω satisfies the L1α-Dini condition, we have
(1) Ω ∈ L
n
n−α (Sn−1), ‖Ω‖
L
n
n−α (Sn−1)
∼
∥∥∥ Ω(·)|·|n−α∥∥∥
L
n
n−α
,∞
. ‖MαΩ‖L1→L
n
n−α
,∞ ;
(2) lim
t→0+
∣∣∣{x ∈ Rn : ∣∣∣MαΩft(·) − |Ω(·)|
| · |
n
n−α
‖f‖L1(Rn)
∣∣∣ > λ}∣∣∣ = 0, ∀λ > 0.
If Ω satisfies the L
n
n−α
0 -Dini condition, we have
(1) Ω ∈ L
n
n−α (Sn−1), ‖Ω‖
L
n
n−α (Sn−1)
∼
∥∥∥ Ω(·)|·|n−α∥∥∥
L
n
n−α
,∞
. ‖MαΩ‖L1→L
n
n−α
,∞ ;
(2) lim
t→0+
∥∥∥MαΩft(·)− |Ω(·)|| · |n−α ‖f‖L1(Rn)
∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
= 0 for every ρ > 0.
In short, under Dini-condition assumptions on the kernel Ω, Theorem A establishes the limiting
weak-type behaviors for MαΩ in the sense of type-1 and type-2, respectively.
Next, we list the corresponding results for the fractional integral operator in [4].
Theorem B (cf. [4, Theorem 1.12,1.13]). Let α ∈ (0, n), f ∈ L1(Rn) be a nonnegative function.
Suppose that Ω is a homogeneous function of degree zero and the factional integral operator TαΩ is
bounded from L1 to L
n
n−α
,∞. If Ω satisfies the L1α-Dini condition, we have
(1) Ω ∈ L
n
n−α (Sn−1), ‖Ω‖
L
n
n−α (Sn−1)
∼
∥∥∥ Ω(·)|·|n−α∥∥∥L nn−α ,∞ . ‖TαΩ‖L1→L nn−α ,∞ ;
(2) lim
t→0+
∣∣∣{x ∈ Rn : ∣∣∣TαΩft(·)− Ω(·)
| · |
n
n−α
‖f‖L1(Rn)
∣∣∣ > λ}∣∣∣ = 0, ∀λ > 0.
Moreover, if Ω satisfies the L
n
n−α
0 -Dini condition, we have
(1) Ω ∈ L
n
n−α (Sn−1), ‖Ω‖
L
n
n−α (Sn−1)
∼
∥∥∥ Ω(·)|·|n−α∥∥∥L nn−α ,∞ . ‖TαΩ‖L1→L nn−α ,∞ ;
(2) lim
t→0+
∥∥∥TαΩft(·)− Ω(·)| · |n−α ‖f‖L1(Rn)
∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
= 0 for every ρ > 0.
Under the Dini-condition of Ω, Theorem B establishes the limiting weak-type behaviors for TαΩ in
the sense of type-1 and type-2, respectively.
In this paper, our first main goal is to establish the limiting weak-type behaviors in the sense of
type-1 for MαΩ and T
α
|Ω| without any smoothness assumption on Ω, which essentially improves Theo-
rem A. Surprisingly, limiting weak-type behaviors can help us in turn to establish several equivalent
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characterizations associated with the boundedness of MαΩ and T
α
|Ω|. The following is our first main
result:
Theorem 1.3. Let α ∈ (0, n), 1 < r <∞. Suppose that Ω ∈ L1(Sn−1) is a homogeneous function of
degree zero. The following statements are equivalent.
(1) Ω ∈ L
n
n−α (Sn−1);
(2) MαΩ is bounded from L
1 to L
n
n−α
,∞;
(3) Tα|Ω| is bounded from L
1 to L
n
n−α
,∞;
(4) MαΩ is bounded from L
1(lr) to L
n
n−α
,∞(lr);
(5) Tα|Ω| is bounded from L
1(lr) to L
n
n−α
,∞(lr).
Moreover, let f ∈ L1(Rn) and {fj}j∈N ∈ L
1(lr), if one of the above statements holds, we have
(a) ‖Ω‖
L
n
n−α (Sn−1)
∼
∥∥∥ Ω(·)|·|n−α∥∥∥L nn−α ,∞ ∼ ‖MαΩ‖L1→L nn−α ,∞ ∼ ‖Tα|Ω|‖L1→L nn−α ,∞
∼ ‖MαΩ‖L1(lr)→L
n
n−α
,∞
(lr)
∼ ‖Tα|Ω|‖L1(lr)→L
n
n−α
,∞
(lr)
;
(b) lim
t→0+
∥∥∥MαΩft(·)− |Ω(·)|| · |n−α ‖f‖L1(Rn)
∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
= 0 for every ρ > 0;
(c) lim
t→0+
∥∥∥Tα|Ω|ft(·)− |Ω(·)|| · |n−α ‖f‖L1(Rn)
∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
= 0 for every ρ > 0;
(d) lim
t→0+
∥∥∥∥∥∥∥{MαΩfj,t(·)− |Ω(·)|| · |n−α ‖fj‖L1(Rn)}j∈N
∥∥∥
lr
∥∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
= 0 for every ρ > 0;
(e) lim
t→0+
∥∥∥∥
∥∥∥{Tα|Ω|fj,t(·)− |Ω(·)|| · |n−α ‖fj‖L1(Rn)
}
j∈N
∥∥∥
lr
∥∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
= 0 for every ρ > 0.
For the fractional operator without any smoothness assumption, we give the limiting weak-type
behaviors in the sense of type-1 as following, which essentially improve Theorem B.
Theorem 1.4. Let α ∈ (0, n), f ∈ L1(Rn). Suppose that Ω ∈ L
n
n−α (Sn−1) is a homogeneous function
of degree zero. Then TαΩ is bounded from L
1 to L
n
n−α
,∞ and from L1(lr) to L
n
n−α
,∞(lr), and
(1) ‖Ω‖
L
n
n−α (Sn−1)
∼
∥∥∥ Ω(·)|·|n−α∥∥∥L nn−α ,∞ ∼ ‖TαΩ‖L1→L nn−α ,∞ ∼ ‖TαΩ‖L1(lr)→L nn−α ,∞(lr);
(2) lim
t→0+
∥∥∥TαΩft(·)− Ω(·)| · |n−α ‖f‖L1(Rn)
∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
= 0 for every ρ > 0;
(3) lim
t→0+
∥∥∥∥∥∥∥{TαΩfj,t(·)− |Ω(·)|| · |n−α ‖fj‖L1(Rn)}j∈N
∥∥∥
lr
∥∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
= 0 for every ρ > 0.
As mentioned above, in the scalar-valued setting, our main theorems improve the limiting weak-
type behaviors of fractional maximal and factional integrals in the previous works. We also remark
that, in the vector-valued setting, our main theorems essentially improve [5, Thm 1.1, Thm 1.2] with
α ∈ (0, n). In fact, without regularity assumption on Ω, we give stronger conclusions. Let us make
some explanation for MαΩ , the same argument works for T
α
Ω . By Proposition 1.2, if the conclusion (d)
in Theorem 1.3 is valid, we deduce that
lim
t→0+
∣∣∣∣
{
x ∈ Rn :
∥∥∥{MαΩfj,t(·)− |Ω(·)|| · |n−α ‖fj‖L1(Rn)}j∈N
∥∥∥
lr
> λ
}∣∣∣∣ = 0.
From this and the triangle inequality of lr, we recapture the main conclusion in [5, Thm 1.1, Thm
1.2] with α ∈ (0, n):
lim
t→0+
∣∣∣∣
{
x ∈ Rn :
∣∣∣∣
∥∥∥{MαΩfj,t(·)}∥∥∥
lr
−
∥∥∥ |Ω(·)|
| · |n−α
{
‖fj‖L1(Rn)
}
j∈N
∥∥∥
lr
∣∣∣∣ > λ
}∣∣∣∣ = 0.
The proofs of Theorem 1.3 and 1.4 will be presented in Section 2.
In this paper, by C we denote a positive constant which is independent of the main parameters, but
it may vary from line to line. The symbol f . g represents that f ≤ Cg for some positive constant
C. If f . g and g . f , we then write f ∼ g.
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2. Proofs of Theorem 1.3 and 1.4.
In this section, we present the proofs of our main theorems. We point out that reduction method
plays an important role in our proofs, not only for the simplification of proofs but also for the im-
provements of conclusions.
Proof of Theorem 1.3. This proof is divided into several steps.
Step 1: (1) =⇒ (3) =⇒ (5) =⇒ (4) =⇒ (2). If Ω ∈ L
n
n−α (Sn−1), by a direct calculation we have
‖Ω‖
n
n−α
L
n
n−α (Sn−1)
= nλ
n
n−α
∣∣∣{x ∈ Rn : |Ω(x)|
|x|n−α
> λ
}∣∣∣ = n∣∣∣{x ∈ Rn : |Ω(x)|
|x|n−α
> 1
}∣∣∣.
Then we have
∥∥∥ Ω(·)|·|n−α
∥∥∥
L
n
n−α
,∞
∼ ‖Ω‖
L
n
n−α (Sn−1)
. This and the weak type of Young’s inequality (see
[3, Theorem 1.2.13]) yield that
‖Tα|Ω|f‖L
n
n−α
,∞ =
∥∥∥∥ |Ω(·)|| · |n−α ∗ f
∥∥∥∥
L
n
n−α
,∞
.
∥∥∥∥ Ω(·)| · |n−α
∥∥∥∥
L
n
n−α
,∞
‖f‖L1(Rn) ∼ ‖Ω‖L
n
n−α (Sn−1)
‖f‖L1(Rn).
Noticing that Tα|Ω| is a positive linear operator, if T
α
|Ω| is bounded from L
1 to L
n
n−α
,∞, then by
the vector-valued inequality (see [3, Proposition 5.5.10]), we have Tα|Ω| is bounded from L
1(lr) to
L
n
n−α
,∞(lr) and ‖Tα|Ω|‖L1(lr)→L
n
n−α
,∞
(lr)
= ‖Tα|Ω|‖L1→L
n
n−α
,∞ .
While if Tα|Ω| is bounded from L
1(lr) to L
n
n−α
,∞(lr), then the vector-valued boundedness of MαΩ
follows by∥∥∥∥(∑
j∈N
|MαΩfj|
r
)1/r∥∥∥∥
L
n
n−α
,∞
≤
∥∥∥∥(∑
j∈N
|Tα|Ω||fj ||
r
)1/r∥∥∥∥
L
n
n−α
,∞
.
∥∥∥∥(∑
j∈N
|fj |
r
)1/r∥∥∥∥
L1
.
Let fj = 0 for j ≥ 2, we obtain the boundedness of M
α
Ω : L
1 → L
n
n−α
,∞ and ‖MαΩ‖L1→L
n
n−α
,∞ ≤
‖MαΩ‖L1(lr)→L
n
n−α
,∞
(lr)
.
Step 2: (2) =⇒ (1). In this part, we will prove that
‖Ω‖
L
n
n−α (Sn−1)
. ‖MαΩ‖L1→L
n
n−α
,∞ . (2.1)
In order to achieve this goal, some reduction arguments will be applied first as following.
2.1: First reduction. In order to verify (2.1), we only need to consider the case Ω ∈ L∞(Sn−1).
In fact, denote ΩN (x) = Ω(x)χ{x:|Ω(x)|≤N}. If (2.1) holds for all ΩN , we have
‖Ω‖
L
n
n−α (Sn−1)
= lim
N→∞
‖ΩN‖L
n
n−α (Sn−1)
. lim
N→∞
‖MαΩN‖L1→L
n
n−α
,∞ ≤ ‖MαΩ‖L1→L
n
n−α
,∞ .
2.2: Second reduction. In order to verify (2.1) for Ω ∈ L∞(Sn−1), we only need to consider
the case Ω ∈ Lip(Sn−1). Observe that Lip(Sn−1) is dense in L
n
n−α (Sn−1). For Ω ∈ L∞(Sn−1) ⊂
L
n
n−α (Sn−1), there exists a sequence of Lip(Sn−1) functions, denoted by {Ωǫ}ǫ>0 such that limǫ→0+ ‖Ωǫ−
Ω‖
L
n
n−α (Sn−1)
= 0. And we have Ω− Ωǫ ∈ L
∞ ⊂ L
n
n−α (Sn−1). If (2.1) holds for all Ωǫ, by the quasi
triangle inequality we have
‖Ω‖
L
n
n−α (Sn−1)
.‖Ωǫ‖L
n
n−α (Sn−1)
+ ‖Ω− Ωǫ‖L
n
n−α (Sn−1)
.‖MαΩǫ‖L1→L
n
n−α
,∞ + ‖Ω− Ωǫ‖L
n
n−α (Sn−1)
.‖MαΩ +M
α
Ω−Ωǫ‖L1→L
n
n−α
,∞ + ‖Ω− Ωǫ‖L
n
n−α (Sn−1)
.‖MαΩ‖L1→L
n
n−α
,∞ + ‖MαΩ−Ωǫ‖L1→L
n
n−α
,∞ + ‖Ω− Ωǫ‖L
n
n−α (Sn−1)
.‖MαΩ‖L1→L
n
n−α
,∞ + ‖Ω− Ωǫ‖L
n
n−α (Sn−1)
+ ‖Ω− Ωǫ‖L
n
n−α (Sn−1)
,
where in the last inequality we use ‖MαΩ−Ωǫ‖L1→L
n
n−α
,∞ . ‖Ω−Ωǫ‖L
n
n−α (Sn−1)
established in Step 1.
Letting ǫ→ 0+, we conclude that
‖Ω‖
L
n
n−α (Sn−1)
. ‖MαΩ‖L1→L
n
n−α
,∞ .
LIMITING WEAK-TYPE BEHAVIORS WITH ROUGH KERNEL 5
2.3: Weak limit for Ω ∈ Lip(Sn−1). Take f to be a C∞c (R
n) function supported on B(0, 1),
satisfying ‖f‖L1(Rn) = 1. We claim that for every ρ > 0,
lim
t→0+
∥∥∥MαΩft(·) − |Ω(·)|| · |n−α
∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
= 0. (2.2)
For x ∈ Rn\B(0, ρ) and sufficiently small t, we have
MαΩft(x) = sup
r>0
1
rn−α
∫
B(x,r)∩B(0,t)
|Ω(x − y)||ft(y)|dy
= sup
|x|−t≤r≤|x|+t
1
rn−α
∫
B(x,r)∩B(0,t)
|Ω(x− y)||ft(y)|dy
∈
[
1
(|x|+ t)n−α
∫
B(0,t)
|Ω(x− y)||ft(y)|dy,
1
(|x| − t)n−α
∫
B(0,t)
|Ω(x− y)||ft(y)|dy
]
⊂
[
1− βt
|x|n−α
∫
B(0,t)
|Ω(x− y)||ft(y)|dy,
1 + βt
|x|n−α
∫
B(0,t)
|Ω(x− y)||ft(y)|dy
]
,
where βt → 0
+ as t→ 0+, actually, we could take βt = ρ
n−α( 1(ρ−t)n−α −
1
(ρ+t)n−α ). Write
|Ω(x)|
|x|n−α
=
1
|x|n−α
∫
B(0,t)
|Ω(x)||ft(y)|dy.
For x ∈ Rn\B(0, ρ) we have
MαΩft(x) −
|Ω(x)|
|x|n−α
≥
1− βt
|x|n−α
∫
B(0,t)
(|Ω(x− y)| − |Ω(x)|)|ft(y)|dy − βt
|Ω(x)|
|x|n−α
,
and
MαΩft(x) −
|Ω(x)|
|x|n−α
≤
1 + βt
|x|n−α
∫
B(0,t)
(|Ω(x− y)| − |Ω(x)|)|ft(y)|dy + βt
|Ω(x)|
|x|n−α
.
From the above two estimates, for x ∈ Rn\B(0, ρ) we conclude that
|MαΩft(x)−
|Ω(x)|
|x|n−α
| ≤
1 + βt
|x|n−α
∫
B(0,t)
(|Ω(x − y)− Ω(x)|)|ft(y)|dy + βt
|Ω(x)|
|x|n−α
.
Recalling that Ω ∈ Lip(Sn−1) in this case, for x ∈ Rn\B(0, ρ) and y ∈ B(0, t) with sufficiently small
t, we obtain
|Ω(x− y)− Ω(x)| = |Ω(
x− y
|x− y|
)− Ω(
x
|x|
)| .
∣∣∣∣ x− y|x− y| − x|x|
∣∣∣∣ . |y||x| .
Using the above estimate and the fact ‖ft‖L1(Rn) = 1, we continue the estimate by
|MαΩft(x) −
|Ω(x)|
|x|n−α
| .
1 + βt
|x|n−α+1
∫
B(0,t)
|y||ft(y)|dy + βt
|Ω(x)|
|x|n−α
.
(1 + βt)t
|x|n−α
+ βt
|Ω(x)|
|x|n−α
.
Hence, the desired claim (2.2) follows by∥∥∥MαΩft(·)− |Ω(·)|| · |n−α
∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
≤
∥∥∥C(1 + βt)t
| · |n−α
+ βt
|Ω(·)|
| · |n−α
∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
.C(1 + βt)t
∥∥∥ 1
| · |n−α
∥∥∥
L
n
n−α
,∞
(Rn)
+ βt
∥∥∥ Ω(·)
| · |n−α
∥∥∥
L
n
n−α
,∞
(Rn)
.(1 + βt)t+ βt → 0, (t→ 0
+),
where in the last inequality we use the fact 1|x|n−α ,
|Ω(x)|
|x|n−α ∈ L
n
n−α
,∞(Rn).
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2.4: Upper bound for Ω ∈ Lip(Sn−1). Write∥∥∥ |Ω(·)|
| · |n−α
∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
.
∥∥∥MαΩft(·)− |Ω(·)|| · |n−α
∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
+
∥∥∥MαΩft(·)∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
≤
∥∥∥MαΩft(·)− |Ω(·)|| · |n−α
∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
+
∥∥∥MαΩft(·)∥∥∥
L
n
n−α
,∞
(Rn)
.
∥∥∥MαΩft(·)− |Ω(·)|| · |n−α
∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
+ ‖MαΩ‖L1→L
n
n−α
,∞ .
Letting t→ 0+, using the conclusion in Step 2.3 we obtain∥∥∥ |Ω(·)|
| · |n−α
∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
. ‖MαΩ‖L1→L
n
n−α
,∞ .
Finally, letting ρ→ 0+, we conclude that
‖Ω‖
L
n
n−α (Sn−1)
∼
∥∥∥ |Ω(·)|
| · |n−α
∥∥∥
L
n
n−α
,∞
(Rn)
= lim
ρ→0+
∥∥∥ |Ω(·)|
| · |n−α
∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
. ‖MαΩ‖L1→L
n
n−α
,∞ .
This completes the proof for Ω ∈ Lip(Sn−1). The final conclusion for Ω ∈ L1(Sn−1) follows by the
first and second reduction in Step 2.1 and 2.2.
Step 3: (1), (2), (3), (4), (5) =⇒ (a). By the estimates in Step 1 and Step 2, the conclusion (a)
follows by
‖Ω‖
L
n
n−α (Sn−1)
∼
∥∥∥ |Ω(·)|
| · |n−α
∥∥∥
L
n
n−α
,∞
(Rn)
. ‖MαΩ‖L1→L
n
n−α
,∞ ≤ ‖MαΩ‖L1(lr)→L
n
n−α
,∞
(lr)
≤ ‖Tα|Ω|‖L1(lr)→L
n
n−α
,∞
(lr)
= ‖Tα|Ω|‖L1→L
n
n−α
,∞ . ‖Ω‖
L
n
n−α (Sn−1)
.
Step 4: (1), (2), (3), (4), (5) =⇒ (b).
4.1: First reduction. In order to verify (b) for Ω ∈ L
n
n−α (Sn−1), we only need to consider the
case Ω ∈ Lip(Sn−1). Since Lip(Sn−1) is dense in L
n
n−α (Sn−1), there exists a sequence of Lip(Sn−1)
functions {Ωǫ}ǫ>0 such that limǫ→0+ ‖Ωǫ − Ω‖L
n
n−α (Sn−1)
= 0. Observe that∣∣∣∣MαΩft(x)− ‖f‖L1(Rn) |Ω(x)||x|n−α
∣∣∣∣
≤
∣∣∣∣MαΩǫft(x) − ‖f‖L1(Rn) |Ωǫ(x)||x|n−α
∣∣∣∣+ ∣∣MαΩ−Ωǫft(x)∣∣ + ‖f‖L1(Rn)
∣∣∣∣ |Ω(x)− Ωǫ(x)||x|n−α
∣∣∣∣ .
If (b) holds for all Ωǫ, we have∥∥∥MαΩft(·)− ‖f‖L1(Rn) |Ω(·)|| · |n−α
∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
.
∥∥∥MαΩǫft(·)− ‖f‖L1(Rn) |Ωǫ(·)|| · |n−α
∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
+
∥∥∥MαΩ−Ωǫft(·)∥∥∥L nn−α ,∞(Rn\B(0,ρ))
+‖f‖L1(Rn)
∥∥∥ |Ω(·)− Ωǫ(·)|
| · |n−α
∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
.
∥∥∥MαΩǫft(·)− ‖f‖L1(Rn) |Ωǫ(·)|| · |n−α
∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
+ ‖f‖L1(Rn)‖Ω− Ωǫ‖L
n
n−α (Sn−1)
.
Letting t→ 0+, we have
lim
t→0+
∥∥∥MαΩft(·)− ‖f‖L1(Rn) |Ω(·)|| · |n−α
∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
. lim
t→0+
∥∥∥MαΩǫft(·)− ‖f‖L1(Rn) |Ωǫ(·)|| · |n−α
∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
+ ‖f‖L1(Rn)‖Ω− Ωǫ‖L
n
n−α (Sn−1)
=‖f‖L1(Rn)‖Ω− Ωǫ‖L
n
n−α (Sn−1)
.
LIMITING WEAK-TYPE BEHAVIORS WITH ROUGH KERNEL 7
Then, the conclusion follows by letting ǫ→ 0+.
4.2: Second reduction. In order to verify (b) for Ω ∈ Lip(Sn−1) and f ∈ L1(Rn), we only need
to consider the case f ∈ C∞c (R
n). Recall that C∞c (R
n) is dense in L1(Rn). We take a sequence of
functions {f (m)}m∈N ⊂ C
∞
c (R
n) such that f (m) → f in L1(Rn). Observe that∣∣∣∣MαΩft(x) − ‖f‖L1(Rn) |Ω(x)||x|n−α
∣∣∣∣
≤
∣∣∣∣MαΩf (m)t (x)− ‖f (m)‖L1(Rn) |Ω(x)||x|n−α
∣∣∣∣+
∣∣∣MαΩ(|ft − f (m)t |)(x)∣∣∣ + ‖f − f (m)‖L1(Rn) |Ω(x)||x|n−α .
Then, we conclude that∥∥∥MαΩft(·)− ‖f‖L1(Rn) |Ω(·)|| · |n−α
∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
.
∥∥∥MαΩf (m)t (·)− ‖f (m)‖L1(Rn) |Ω(·)|| · |n−α
∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
+
∥∥∥MαΩ(|ft − f (m)t |)(·)∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
+ ‖f − f (m)‖L1(Rn)
∥∥∥ |Ω(·)|
| · |n−α
∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
.
∥∥∥MαΩf (m)t (·)− ‖f (m)‖L1(Rn) |Ω(·)|| · |n−α
∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
+ ‖f − f (m)‖L1(Rn).
If (b) holds for all f (m), letting t→ 0+ we have
lim
t→0+
∥∥∥MαΩft(·)− ‖f‖L1(Rn) |Ω(·)|| · |n−α
∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
. lim
t→0+
∥∥∥MαΩf (m)t (·)− ‖f (m)‖L1(Rn) |Ω(·)|| · |n−α
∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
+ ‖f − f (m)‖L1(Rn) = ‖f − f
(m)‖L1(Rn).
Then, the conclusion follows by letting m→∞.
4.3: Third reduction. In order to verify (b) for Ω ∈ Lip(Sn−1) and f ∈ C∞c (R
n), we only need
to consider the case that f is a C∞c (R
n) function supported on B(0, 1), satisfying ‖f‖L1(Rn) = 1. In
fact, for any nonzero C∞c (R
n) function f supported in B(0, R), then g(x) := 1Rn‖f‖
L1(Rn)
f(x/R) is a
C∞c (R
n) function supported on B(0, 1), satisfying ‖g‖L1(Rn) = 1. If (b) holds for g, we have
lim
t→0+
∥∥∥MαΩgt(·)− |Ω(·)|| · |n−α
∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
= 0.
Note that gt = fRt/‖f‖L1(Rn). We conclude that
lim
t→0+
∥∥∥ 1
‖f‖L1(Rn)
MαΩft(·)−
|Ω(·)|
| · |n−α
∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
= 0,
which implies that
lim
t→0+
∥∥∥MαΩft(·)− ‖f‖L1(Rn) |Ω(·)|| · |n−α
∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
= 0.
Using the above reduction arguments, the final conclusion follows by Step 2.3.
Step 5: (1), (2), (3), (4), (5) =⇒ (c). Using the same reduction method as in Step 4, we only need
to consider the case Ω ∈ Lip(Sn−1), and f is a C∞c (R
n) function supported on B(0, 1), satisfying
‖f‖L1(Rn) = 1. In this case, we have
Tα|Ω|ft(x)−
|Ω(x)|
|x|n−α
=
∫
B(0,t)
(
|Ω(x− y)|
|x− y|n−α
−
|Ω(x)|
|x|n−α
)
ft(y)dy.
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Since Ω ∈ Lip(Sn−1), for x ∈ Rn\B(0, ρ) and y ∈ B(0, t) with sufficiently small t, we have∣∣∣∣ |Ω(x− y)||x− y|n−α − |Ω(x)||x|n−α
∣∣∣∣ .
∣∣∣∣Ω(x− y)
(
1
|x− y|n−α
−
1
|x|n−α
)∣∣∣∣+
∣∣∣∣ |Ω(x− y)| − |Ω(x)||x|n−α
∣∣∣∣
.
|y|
|x|n−α+1
.
|y|
|x|n−α
.
Then, ∣∣∣∣Tα|Ω|ft(x)− |Ω(x)||x|n−α
∣∣∣∣ . 1|x|n−α
∫
B(0,t)
|y||ft(y)|dy ≤
t
|x|n−α
.
The final conclusion follows by∥∥∥Tα|Ω|ft(·)− |Ω(·)|| · |n−α
∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
. t‖|x|α−n‖
L
n
n−α
,∞
(Rn)
. t,
which tends to zero as t→ 0+.
Step 6: (1), (2), (3), (4), (5) =⇒ (d), (e). In fact, the vector-valued case follows directly by the
scalar-valued case and a reduction argument. Denote by A the operator MαΩ or T
α
|Ω|. By the quasi
triangle inequality and the boundedness of A, we write∥∥∥∥∥∥∥{Afj,t(·)− |Ω(·)|| · |n−α ‖fj‖L1(Rn)}j∈N
∥∥∥
lr
∥∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
.
∥∥∥∥
∥∥∥{Afj,t(·)− |Ω(·)|
| · |n−α
‖fj‖L1(Rn)
}
1≤j≤N
∥∥∥
lr
∥∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
+
∥∥∥∥
∥∥∥{Afj,t(·)}j≥N
∥∥∥
lr
∥∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
+
∥∥∥∥
∥∥∥{ |Ω(·)|
| · |n−α
‖fj‖L1(Rn)
}
j≥N
∥∥∥
lr
∥∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
.
∑
1≤j≤N
∥∥∥∥Afj,t(·)− |Ω(·)|| · |n−α ‖fj‖L1(Rn)
∥∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
+
∥∥∥∥{fj,t(·)}j≥N
∥∥∥∥
L1(lr)
+ ‖Ω‖
L
n
n−α (Sn−1)
·
∥∥∥{‖fj‖L1(Rn)}j≥N
∥∥∥
lr
.
∑
1≤j≤N
∥∥∥∥Afj,t(·)− |Ω(·)|| · |n−α ‖fj‖L1(Rn)
∥∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
+
∥∥∥∥{fj(·)}j≥N
∥∥∥∥
L1(lr)
=: IN,t +RN ,
where in the last inequality we use the fact
∥∥∥{‖fj‖L1(Rn)}j≥N
∥∥∥
lr
.
∥∥∥∥{fj(·)}j≥N
∥∥∥∥
L1(lr)
by Min-
knowski’s inequality. Letting t→ 0+, by the corresponding results of scalar-valued case, we conclude
that
lim
t→0+
∥∥∥∥
∥∥∥{Afj,t(·)− |Ω(·)|
| · |n−α
‖fj‖L1(Rn)
}
j∈N
∥∥∥
lr
∥∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
. RN . (2.3)
Recalling that
∥∥∥∥{fj(·)}j∈N
∥∥∥∥
L1(lr)
< ∞, by the Lebesgue dominated convergence theorem we have
limN→∞RN = 0. Hence, the desired conclusion follows by letting N →∞ in (2.3).
Proof of Theorem 1.4. By Theorem 1.3 and Ω ∈ L
n
n−α (Sn−1), Tα|Ω| is bounded from L
1 to
L
n
n−α
,∞ with ‖Ω‖
L
n
n−α (Sn−1)
∼ ‖Tα|Ω|‖L1→L
n
n−α
,∞ ∼ ‖Tα|Ω|‖L1(lr)→L
n
n−α
,∞
(lr)
. The boundedness of TαΩ
follows by
‖TαΩ‖L1→L
n
n−α
,∞ ≤ ‖TαΩ‖L1(lr)→L
n
n−α
,∞
(lr)
≤ ‖Tα|Ω|‖L1(lr)→L
n
n−α
,∞
(lr)
∼ ‖Ω‖
L
n
n−α (Sn−1)
.
Proof for (1): We only need to prove that
‖Ω‖
L
n
n−α (Sn−1)
. ‖TαΩ‖L1→L
n
n−α
,∞ . (2.4)
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By a similar reduction argument as in Step 2.2 in the proof of Theorem 1.3, we only need to consider
the case Ω ∈ Lip(Sn−1). In fact, we can take a sequence of Lip(Sn−1) functions, denoted by {Ωǫ}ǫ>0
such that limǫ→0+ ‖Ωǫ − Ω‖L
n
n−α (Sn−1)
= 0. If (2.4) holds for all Ωǫ, we have
‖Ω‖
L
n
n−α (Sn−1)
≤‖Ωǫ‖L
n
n−α (Sn−1)
+ ‖Ω− Ωǫ‖L
n
n−α (Sn−1)
≤C‖TαΩǫ‖L1→L
n
n−α
,∞ + ‖Ω− Ωǫ‖L
n
n−α (Sn−1)
=C‖TαΩ + T
α
Ω−Ωǫ‖L1→L
n
n−α
,∞ + ‖Ω− Ωǫ‖L
n
n−α (Sn−1)
≤C‖TαΩ‖L1→L
n
n−α
,∞ + C‖TαΩ−Ωǫ‖L1→L
n
n−α
,∞ + ‖Ω− Ωǫ‖L
n
n−α (Sn−1)
≤C‖TαΩ‖L1→L
n
n−α
,∞ + C‖Ω− Ωǫ‖L
n
n−α (Sn−1)
+ ‖Ω− Ωǫ‖L
n
n−α (Sn−1)
.
Letting ǫ→ 0+, we conclude that
‖Ω‖
L
n
n−α (Sn−1)
. ‖TαΩ‖L1→L
n
n−α
,∞ .
For Ω ∈ Lip(Sn−1), we take f to be a C∞c (R
n) function supported on B(0, 1), satisfying ‖f‖L1(Rn) =
1.For every ρ > 0, we will verify that
lim
t→0+
∥∥∥TαΩft(·)− Ω(·)| · |n−α
∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
= 0. (2.5)
Write
TαΩft(x)−
Ω(x)
|x|n−α
=
∫
B(0,t)
(
Ω(x− y)
|x− y|n−α
−
Ω(x)
|x|n−α
)
ft(y)dy.
For x ∈ Rn\B(0, ρ) and y ∈ B(0, t) for sufficiently small t, we have∣∣∣∣ Ω(x− y)|x− y|n−α − Ω(x)|x|n−α
∣∣∣∣ . |y||x|n−α+1 . |y||x|n−α .
Then, ∣∣∣∣TαΩft(x)− Ω(x)|x|n−α
∣∣∣∣ . 1|x|n−α
∫
B(0,t)
|y||ft(y)|dy ≤
t
|x|n−α
.
The final conclusion follows by∥∥∥TαΩft(·)− Ω(·)| · |n−α
∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
. t‖|x|α−n‖
L
n
n−α
,∞
(Rn)
. t,
which tends to zero as t→ 0+.
From this, letting t→ 0+ in the following estimate:∥∥∥ Ω(·)
| · |n−α
∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
.
∥∥∥TαΩft(·)− Ω(·)| · |n−α
∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
+
∥∥∥TαΩft(·)∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
.
∥∥∥TαΩft(·)− Ω(·)| · |n−α
∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
+ ‖TαΩ‖L1→L
n
n−α
,∞ ,
we obtain ∥∥∥ Ω(·)
| · |n−α
∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
. ‖TαΩ‖L1→L
n
n−α
,∞ .
Finally, by letting ρ→ 0+, we conclude that
‖Ω‖
L
n
n−α (Sn−1)
∼
∥∥∥ Ω(·)
| · |n−α
∥∥∥
L
n
n−α
,∞
(Rn)
= lim
ρ→0+
∥∥∥ Ω(·)
| · |n−α
∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
. ‖TαΩ‖L1→L
n
n−α
,∞ .
Proof for (2)(3): Using the same reduction method as in Step 4 in the proof of Theorem 1.3,
we only need to consider the case Ω ∈ Lip(Sn−1), and f is a C∞c (R
n) function supported on B(0, 1),
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satisfying ‖f‖L1(Rn) = 1. In this case, we have
TαΩft(x)−
Ω(x)
|x|n−α
=
∫
B(0,t)
(
Ω(x− y)
|x− y|n−α
−
Ω(x)
|x|n−α
)
ft(y)dy.
As in Step 5 in the proof of Theorem 1.3, for x ∈ Rn\B(0, ρ) and y ∈ B(0, t) for sufficiently small t,
we have ∣∣∣∣ Ω(x− y)|x− y|n−α − Ω(x)|x|n−α
∣∣∣∣ . |y||x|n−α .
Then, ∣∣∣∣TαΩft(x)− Ω(x)|x|n−α
∣∣∣∣ . 1|x|n−α
∫
B(0,t)
|y||ft(y)|dy ≤
t
|x|n−α
.
The final conclusion follows by∥∥∥TαΩft(·)− Ω(·)| · |n−α
∥∥∥
L
n
n−α
,∞
(Rn\B(0,ρ))
. t‖|x|α−n‖
L
n
n−α
,∞
(Rn)
. t,
which tends to zero as t→ 0+. The vector-valued case (3) follows by the same argument as in Step 6
in the proof of Theorem 1.3.
Remark 2.1. In order to drop the smoothness assumption of Ω, the key point is to reduce the
conclusion as much as possible before the detailed estimates. A similar method may work for other
types of operators. In general, for an operator with kernel K, denoted by TK , if TK(f) is sublinear
with respect to K and f respectively, and if the following boundedness result holds:
‖TKf‖Lq,∞(Rn) ≤ C‖K‖Z(Rn)‖f‖L1(Rn)
with Z ⊂ Lq,∞, then the set consisting of the function pair (K, f) for which the type-1 convergence
holds, i.e.,
lim
t→0+
‖TK(ft)−K‖f‖L1(Rn)‖Lq,∞(Rn\B(0,ρ)) = 0,
is closed in the usual topology of Z(Rn)⊗L1(Rn). Hence, in order to conclude the type-1 convergence,
we only need to conclude it for that (K, f) belongs to some dense subspace of Z(Rn)⊗ L1(Rn).
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